Equilibria of a Class of Transport Equations Arising in Congestion Control by Baccelli, François et al.
HAL Id: inria-00070357
https://hal.inria.fr/inria-00070357
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Equilibria of a Class of Transport Equations Arising in
Congestion Control
François Baccelli, Ki Baek Kim, David R. Mcdonald
To cite this version:
François Baccelli, Ki Baek Kim, David R. Mcdonald. Equilibria of a Class of Transport Equations
Arising in Congestion Control. [Research Report] RR-5653, INRIA. 2005, pp.19. ￿inria-00070357￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
56
53
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème COM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Equilibria of a Class of Transport Equations Arising
in Congestion Control
Francois Baccelli — Ki Baek Kim — David R. McDonald
N° 5653
Août 2005
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
	  
 !"# $%"&
' 

( 
 )(*+,"
 )&-"
./103246587:9;<0=4>4@?>A:AB7 ∗ CED 7+;-0F?>G D 7BH † CJI 06KL7BMONQPER4 I 582S0=ABM ‡
TVUXW
Y[Z&\V]!^`_ a6bdcfegW
Y[Z
cih
jkY[Y&lXmXnohpqm@egc
rtsujwvxZeyT+zi{E\
zypq|X|3jksxe+}XZ!sxZh~UXZ
suh~UXZm=t@q _ Vjqeqk@!_ -|FpkZc

1wXq@ TVUXnoc|Fp|8Z
s-cxegl}XnoZ
c[phopqcuc-jieusgpqmXcx|8jqsxeZ6lFpwegnojqmXcpqsuncunmXsujkY
cxegj>h~UFpqcfegnh<Y[j>}XZ
ocnmhjqmXkZcfegnjkm hjkm@eusujkB %TVUXnoc¡h
¢pqcxc¡hjqm6egpqnomce¤£¥jhpqcuZ
c!jqJojkcxc
|8jknm@eJ|Xsuj>hZ
cucEY[j>}XZc¦egUXZysgpwegZ§¨nomX}Z|3ZmX}XZ
m@e©rLjknocxcujkmh1pqcxZy£+UZsuZyegUXZ+|Fph~ªqZ
e¥ojkcxc
sgpeuZnoc«nomX}Z|3ZmX}XZ
m@e+jqegUXZiegUXsxjklXkUX|leVjqeuUXZ¬Fj£­pqmX}euUXZ¡sgpwegZ§¨}XZ|3Zm}XZm@e+h1pcuZ
£+UXZsxZ[egUZ[|3jknom@e|Xsxjdh
Zcuc&jq©jkcucxZc&UXpqc&pm®nom@euZmXcxne¤b £+UXnh~U®nocp$lmXh
eunojkmjq¥euUXZ
nomXcfe~pqm@e~pmXZjklcsgpwegZq TVUXnocih¢pcucjJZ6lFpeunojkmXchj¯kZ
suc%°3jqegU±euUXZ&hpqcuZ&jqJ|8Z
sucxnocxeuZm@e
pqmX}²jq©mXjkmd§¨|8Z
sucuncxeuZm@e&¬Fj£+c
 Q³´Zµkn¶¯kZ[p±}XnosxZhe&|XsxjdjVjq©euUXZ[:pqhe&euUFpeegUXZ
suZµnc
plmXno6lXZ%}XZ
mXcun¶e¤bcujk¶¯>nomX<euUXZ!pqcucxjdh
n¢peuZ}$}Xn·8ZsxZm@egnopq¸Z
6lFpegnjkm$pqmX}£«Z|Xsxj¯dn}XZ!p
hojqcuZ}jksxY¹Zºd|XsxZcxcunojqmQjks©euUXnocV}XZ
mXcun¶e¤bpqmX}jksVn¶egcVYZ1pqm¯pqolZq 
»Q¼@½¸¾x¿<À wÁqÃÂ oj£hjqm6eusujkBÄhjkmkZcfegnojqm!p¯qjkno}XpqmXhZÄTy\©rLÄÆÅiTVT+rLÄÇf^±È&Äcfegj>h~UFpqcÉ§
egnoh®|Xsuj>hZ
cucÄrLjknocxcujkm)|3jknom@e |Xsxjdh
ZcxcÄ-cxeujdh~UXpqcxeunohÊnom@euZmXcxne¤bkÄ-cfe~peunojkmXpqsxb­}XZmcune¤bqÄ
h~UFpqmXkZ!jqYZ1pqcxlXsuZ 
Ë,ÌÆÍÏÎJÐ¸ÑÒÔÓÐ,ÕÎJÖØ×ÆÙwÚÛuÚ-ÍÜÙ-ÝwÕÞÒBßEà1á&ßBÌÆÛyâLãÜäxÕ~ßÔÛfãæåoçèéçâëêSìwíïî ð=ÙwÚ1åoßBÑåoð3ÙwÚ-ñXÛfÒBÖØÑÒÔòVÕÞÙwäfÛ
ð3ógÕãæ×Õ~ßBÍÜÑÙ¡ÑÖXñFÕ
ä¨ÓÛÉßLèLÛÉßÐ¸ÑÒÔÓÎfîÜôà1áyßÔÌÆÛJð=×ÆÒÔÑ
èõç8ð3×ÆÒBÑ
ÝÛuÕÞÙ!èLÛÉßÐ¸ÑÒÔÓ+ÑÞÖFðFöÆäÉÛxãæãÜÛfÙäÉÛôqÕÞÙwÚà1á
ßÔÌÆÛ«í¸ÕÞÙÕÚÍÏÕÞÙèì1ð3éí÷Ò¨ÕÞÙßâø1ùùú
û
∗ üuý Ò¨ÕÞÙäÉÑÍÏÎxû þ,ÕäxäÉÛxãæãÜÍ ÿÛxÙwÎxû ÖØÒ  ôÆçèéçâå¢ð3èìkôfÝwÕÒ:ßÔÛfò©ÛfÙßtÚ@î ç ÙÆÖØÑÒÔò©ÕÞßBÍ×ÆÛô@ð3äfÑãÜÛ¥èLÑÒÔòVÕÞãÜÛì×ÆÝxÒBÍÜÛf×wÒBÛ
ôøùôÒÔ×ÆÛtÚ@î 	ãÜò ý å
ÞùEñXÕÒBÍÏÎäÉÛuÚÛÉö
ùô ý ÒÔÕÙwäÉÛ
û
† ü Ó1Ó1àqÿÚÍoû ÛxÙwÎxû ÖØÒ  ô~çèéçâå¢ð3èì@ôfÝwÕÒ:ßÔÛfò©ÛfÙß=Ú@î ç ÙÖØÑÒÔòVÕ~ßBÍ×ÆÛôð3äÉÑ
ãæÛèLÑÒÔò©ÕãæÛì1×ÆÝfÒÔÍÜÛf×ÆÒÔÛôø1ùô1ÒÔ×ÆÛJÚ@î 	ãÜò ý å
ùJñFÕÒBÍÏÎäÉÛuÚÛÉö ùô ý ÒÔÕÙwäÉÛ
û
‡ ü ÚÆò©ÚwÎ:÷ÿ×ÆÑÞßBßÔÕgÐ,ÕÆû äfÕ  ôLÛxÝwÕÞÒBßBò©ÛfÙß>ÑÖÕ~ßBÌwÛfòVÕ~ßÔÍÜäxÎ6ÕÞÙwÚtìß¨Õ~ßÔÍÜÎ:ßBÍÏäfÎxô	ÙÆÍÜóÛxÒÔÎBÍ ßáLÑÞÖwêLß:ßÔÕgÐ,ÕÆôù
ùSÍæÙw÷¥ð8ÚÐ¸ÕÒÔÚâdóÛfÙ1×ÆÛ
ôêLß:ß¨ÕgÐ¸Õwô©úuè
èù©êÙ
ß¨ÕÞÒÔÍæÑ+í¸ÕÞÙÕÚÆÕwû
   *+   
"
   "L%"
Þ*+É* 
*
[%"
* $ !" "


	V*+ *+ -"
*
* )&(*+,"

    jklXc
egl}Xnojkmc©}FpqmXc¥hZ
eypsxegnhZilXmZ¡hopqcucxZ¡}6lFpeunojkmXc¥}XZegsupqmXcx|8jksfe
>ln8p|X|FpqsupqnocxcuZm@eE}Fpqmc«}XZ
c«Yj>}XWZctcxeujdh~UXpqcxeuno6lXZc«}XZ+Y
h1pqmnocuYZcJ}XZyhjqm6euskZV}XZ
hjkmXqZcxeunojkm¸ S\¥ZeuegZ«hopqcucxZ¥hjql¯>suZ¥}ZldºYjd}XW
oZ
cL}Z¥|Xsxjdh
ZcucxlXcS|3jkmXheglXZ
ocL}XZ¥|3ZsfegZc
¦
oZh1pqcijoZ
c|3ZsfegZcijksuYZm@eilXm|Xsxjdh
ZcucxlXc%}XZ&rjkncucujqm,Ä¸Ze¡hZ
olXnLjh
Z&|Xsxjdh
ZcxculXc
|8jkmh
eglZp-lXmXZ%nm@egZmcune%6lXn,ZcfeylXmXZ¡jkmXhegnjkm}Xl} °ne+nomcxe~pm6egpqm %}Xl¬Fje1 J{toZ
hjkl¯>sxZ%pqlXcxcun3oZhpqc¥}Zc¥¬Fjegc¥|3Zsxcuncxe~pm6euc©hjqY[YZih
ZlXn8}Zc¥mjkmd§¤|3Zsxcuncxe~pm6euc JrLjklXs
hZ
exegZ©h
¢pqcxcuZÄkmXjklXc}XjkmXmXjqmXcSlXmXZ¥|XsuZ
l¯kZV}XnsuZ
h
egZ«}XZ©!ælXmnohn¶e"J}XZ
ct}XZmXcxnecScxjkoleunojkmc
}XZ©#6lFpwegnojqm<}Xn·$sxZm@egnZoZE} h
sun¯pqm@et!%e~pecxegpegnjkmXmFpqnsuZÄkpqnmXcun>6lælmXZ+Zºd|XsuZ
cucxnojkm
Zºd|Xonhn¶egZ¡|3jklXsVh
Z
eueuZ}ZmXcxne"!Zei|3jklXsVcup¯pqZlXsVYjbkZ
mXmXZq 
& À Æ ¾ ('  [ \¥jkm@egsqoZ}Z¬FjqeÄ)
¯>n¶egZYZm@eV}Z¡hjkmkZcfegnojqm,ÄdTy\©rLÄFÅiTVT+rLÄXÇf^QÈ&Ä
|Xsuj>hZ
cuculccxeujdh~UXpqcxeuno6lXZqÄ3|Xsxjdh
ZcucxlXc|3jkmXheglXZ
}XZ&rLjknocxcujkm¸Ä8nm6euZmXcxnecfegj>h~UFpqcfegno6lXZÄ
}XZmXcxnecfe~peunojkmmFpqnosxZqÄdh~UFpqmXkZ
Y[Z
m@ei}ZYZcxlXsuZ 
 	
! #"$&% '!%() * +, -.&%) /, $%0 
1 2 " 43E"

TVUXZ<pqnY jqSeuUXZ&|XsxZcxZm@e%|Fpq|3Zsinoc+egj[kn¯qZ<p[h
jkY|XsuZ
UXZmXcxn¯qZ<YµpwegUXZ
Yµpeunohpq¸egsxZ1pef§
Y[Z
m6e!jVphopqcuc!jq«}Xn·8ZsxZm@egnopqSZ
>lXpegnjkmXc%egUFpwe!h~UFpqsgph
egZ
sun65Z-egUXZcfegZ1p}bcxegpegZjq
cujkYZ<egsupqmXcu|3jksfe|Xpqsxeun¢pq}Xn·8ZsxZm@egnopqSZ6lFpwegnojqmXc87BrJÈ¡{tc9!pqcucxjdh
n¢peuZ} £+neuUeuUXZ}b@§
mFpqYnohc[jq!Ty\©r ¬XjÆ£+c
  ³®ZZ
cxegpq°XoncuUp´kZmXZ
sunhZ6lFpeunojkm egUFpehjkm@e~pnomXc[Y[jkcfe
Z1peulXsuZ
cih
jkmXcun}XZsxZ}QnomegUXZ!on¶egZ
sgpeulXsuZ¦E|3ZsxcuncxegZ
m@e¡pqm}±mXjkm$|3ZsucxnocfegZm@ey¬Fj£+cÄ3sgpeuZ
}XZ|3ZmX}Zm@e+pqmX}[sgpeuZnmX}XZ|3Zm}XZm@e©jkcucxZc
ÄXpqcE£¥Z
o3pqc«euUXZhpqcuZy£+neuUµcuj£cxegpqsxe©pqmX}
egnoYZjqlegc
 
TVUZjkoj£+nom&jksx}XnomFpsxb}n·8ZsuZ
m@egn¢p,Z6lFpeunojkm:7B]!È{,9¥£¥pqcyhjkmXcxno}XZ
suZ
}Qnm:; =<
df(z)
dz
= β(4zf(2z) − zf(z)), z ≥ 0, 7f>9
£+negU
β > 0
 TVUXnoct]!È{´suZ
|XsuZ
cuZ
m6eucEeuUXZ©egUsujklXqUX|XleJ}XZ
mXcun¶e¤b<jq8p¡Ty\©r®h
jkmXmXZ
h
eunojkm
nomcxe~pwegnocfegnh1pqFZ
>lnoon°XsunlXY£+UZmpsxjkleuZsE}Xsujk|c¥neucJ|Fpqh~ªqZegc©£+n¶egUhjkmXcfe~pqm@eV|sujk°FpÆ§
°Xnone¤b
β
 tTVUXZ!sgpeuZ!peV£+UXnoh~U$neuc©|Fpqh~ªZ
euc¡pqsxZ%}Xsujk||8Z
}$nc
β
eunoYZc¥euUXZ%egUXsxjklXkUX|le
cuj£¥Z-hpqo'7f>9ysgpeuZ§¤}Z|3ZmX}XZ
m@e1 @?«bQegUXZ-h
jkmXkZ
cxeunojkm h
jkm@egsujqSY[Z
h~UFpqmXncuY jqETy\©r
;Ü<8egUXncVnocVpocuj<euUXZ%sgpwegZ%peV£+Unoh~UegUXZ¡euUXsujqlXkUX|Xlde+noc©h
le+nomUFpÉ STVUXZ%lXmh
egnjkm
fsuZ|suZcxZm@egcyegUXZ!}XZ
mXcun¶e¤bjqLegsupqmXcuYnocxcunjkmsgpeuZc+nomcfe~peunocxeunohpq¸Z
>lnoon°XsunlXY$ 
TVUZ¥nom@eulXneunojkm%ncpcLjkoj£+c TVUXZ«|Xsujq|8jksfegnjkm!jqeuUXZEeuUXsujqlXkUX|Xldegcnm&pmnm6euZsf¯qp
[z, z + dz]
noc¥pq|X|Xsxj1ºnYµpwegZ¶b
f(x)dx
 tTVUXZ
cuZ%culd·¸Z
sVp&ojqcuc©pwe+p&sgpwegZ
βz
pqm}UXZmhZ
egUXZ©supegZ¥peS£+UXnh~U-YµpcucSZ1p1¯kZ
cegUXZ¥nom@egZ
sx¯pq
[z, z+dz]
noc
βzf(z)dz
pq|X|suj1ºdnoY[pegZ
bk 
^±pqcucZm@egZ
suceuUXnocynom@egZ
sx¯pqL°8Z
h1pqlcuZ<jqSojkcxcuZcpqYjkmX[euUXsujqlXkUX|XldegcnmQeuUXZ&nm6euZsf¯qp
[2z, 2(z+dz)]
pesgpeuZ
β2zf(2z)·2dz pq|X|suj1ºdnoY[pegZ
bk ^±pqcxctpqcuj¡Z
m6euZsxctpqmX}-Z1p1¯kZ
cegUXZnm@egZsf¯pq«°3ZhpqlXcxZjqVegUXZµonomZ1pqsnomXh
suZpqcuZnm®egUZµegsupqmXcuYnocxcunjkm®supegZ
c-pqmX}®euUXZ
sgpeuZijqh~UXpqmXkZijqegUXZiYµpcuc¥nm
[z, z+ dz]
nc¥p|X|Xsuj1ºdnoY[peuZb df(z)
dz
dz
 J{t6lFpegnjkmA7É>9
noc©egUZh
jksusxZcx|8jkm}XnomX°Fp¢pqmXh
Z%Z6lFpeunojkm¸ 
TVUZcuZ+Z
>lXpegnjkmXcJpqcuj¡h
jkY[Z¥lX|nom&euUXZVZ6lXnono°sunolY }Xnocfegsun°Xleunojkmjq=egUXZ©£«ZnkU@egc
jq«p|3jk|Xl¢peunojkmj«h
Zoc%cunmXhZ<euUXZ-£¥Z
nokU@eucqsuj£ÃnomXZpqsu¶b$lXm@egnoY[n¶egjkcxnocihleuc!euUXZ
£¥Z
nokU@eynomUFp'7:cuZ
ZB;¶<C9 
TVUZjkoj£+nomcujklegnjkm jqD7f>9i£¥pqcjk°egpqnomXZ
}°6bnmXcu|3ZhegnjkmnomE;æ<JpqmX}lXcunmX
^QZonom[egsgpmXcxjksxY[cVnmF;Ü<B¦
f(z) = 2φ
√
β
∑
n≥0
ane
−(β2 4n)z2
éLé Ù!GFù
ù 
   .&	
	      !
£+negU
φ =
(√
2π
∏
k≥1(1 − 2−2k+1)
)−1 pqmX}%£+neuU
a0 = 1
pmX}
an = (−1)n
n∏
k=1
4
(4k − 1)
 
TVUZ©pqcxcuj>hn¢pwegZ}egsupqmXcunZm@eZ6lFpeunojkmnocegUXZEjkojÆ£+nmXVmXjkm>§¤oj>h1pkegsgpmXcu|3jksxerJÈ¡{V¦
α
∂
∂t
f(t, z) +
∂
∂z
f(t, z) = β(4zf(t, 2z) − zf(t, z)), z, t ≥ 0.
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n¢peuZ}
Z6lXnono°XsxnolXY ]%È¡{ psuZcuUXj£+m,  z+Z
ZsxZmXh
ZcegjsuZ
¢peuZ}Ê£¥jqsuª²jkmïculh~UëZ6lFpwegnojqmXc
7£+UXnh~U±pqsxZ%jq egZ
mQsxZ
Z
susuZ
}$eujpqcVsgpqkYZm@egpegnjkmZ6lFpeunojkmc9©pqsxZqn¯kZ
m, 
Ç¤megUZsupegZÞ§¤nmX}XZ|3Zm}XZm@eyh1pqcxZ!jq;æ><BÄXegUXZ]%È¡{ënc
df(z)
dz
= β(2f(2z) − f(z)), z ≥ 0, 7Ô 9
£+negU
β > 0
pqmX}neuc¥cxjkoleunojkm 7:jk°de~pqnmXZ}°@b^QZonm[egsupqmXcfjksuYc¥nmZYYµp& ;Ü><9Jnoc
f(z) = φβ
∑
n≥0
ane
−(β2n)z
£+negU
φ =
(∏
k≥1(1 − 2−k)
)−1 pqmX}£+neuU
an = (−1)n
n∏
k=1
2
(2k − 1)
pqmX}
a0 = 1
 
Ç¤megUXZisgpeuZ§¨}XZ|3ZmX}Zm@e©hpqcuZÄdegUZ   "$.&0& &%#.& $%FZ6lFpeunojkm[nom@egsxjd}XlhZ}[nom ;   <8nc
df(z)
dz
=
∫ ∞
0
xf(x)dx δA(z) − µzf(z) + βz(4f(2z) − f(z))
£+UXZsxZ
δ ≥ 0 Ä A nocip[|Xsxjk°Fpq°noon¶e¤b}XZ
mXcun¶e¤blXmXh
eunojkm¸Ä µ ≥ 0 pmX} β > 0  +ÅiZ
suZÄ3euUXZhjkmXcfe~pqm@e
µ
YZ1pculXsxZc©ZÞºjqkZmXjqlXcVojkcxcuZ
c©£+UXnoh~UhpqlXcuZ¡euUXZeusgpqmXcxY[ncucxnojkm[sgpeuZegj-°3Z
nomXcfe~pqm@e~pmXZjklcubµhleVeuj@5Z
sujXÄFnoªqZiegnoYZjqlegc©nmegUXZ%Ty\©r hjkm@egZÞº>eijqs¥egsupqmXcuYnocxcunjkm
hjkY|XoZegnjkmXcJnomegUXZÅiTVT+r hjkm@euZº>e1 JTVUXZihjkmXcfe~pqm@e
δ
YZ1pqcxlXsuZ
c«euUXZsupegZipeE£+UXnoh~U
egsgpmXcuYnocxcunojqmsgpeuZcnomXcfe~pqm@egpqmXZjqlXcu¶bnomXh
suZpqcuZ sujqY Äi£+UZsuZegUZnmXhsxZ1pqcxZUFpqc
}XZmXcxne¤b
A
  TVUnocµncp®cxnoY|XonFZ}ïsuZ
|XsuZ
cuZ
m6egpegnjkmjq¡euUXZcxoj£©§¤cfe~pqsfeYZh~UFpqmnocuY
p egZ
s+peunoYZjkle+jqs+peusgpqmXcxY[ncucxnojkmh
jkY[|oZ
eunojkmF7cuZ
Z ;   <C9 ETVUXZhpqcuZ!£+neuU
δ = 0
noc
çèLéçâ
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egUFpe«£+UXZsxZegUZsuZnocEmXj<cuj£ cxe~psxe1  ;   <8|Xsuj¯>no}Zc¥euUXZ}XZ
mXcun¶e¤bµcxjkoldegnojqm[£+UXZ
m
δ = 0pqmX}egUXZ!YZ1pqm¯pqlXZ¡jks+pq
δ ≥ 0 lXcunmX[^QZonmegsgpmXcxjksxY[c
 Ç¤megUXZy|XsxZcuZ
m@eV|Fpq|3Zs
Ä6£«Zh
jkmXcxno}XZ
sEeuUXZiYjksxZyqZmXZ
sgpq    "$.&0& &%.& $%XZ
6lFpegnjkm
£+UXnoh~UQpqoj£+c©Y[jqsuZ%kZ
mXZsupqsgpeuZ§¨}XZ|3ZmX}ZmXh
Zc
df(z)
dz
= δT (f)A(z) − µzγ−1f(z) + βzγ−1(ργf(ρz) − f(z)), z ≥ 0, 7: 9
£+UXZsxZ
δ ≥ 0 Ä T (f) = ∫∞
0
zγ−1f(z)dz
Ä
A
ncyp[|Xsxjk°Fpq°Xnon¶e¤b}XZ
mXcun¶e¤b$lmXh
eunojkm£+neuU
∫∞
0
A(z)dz = 1
Ä
µ ≥ 0 Ä γ ≥ 1 Ä β ≥ 0 Ä ρ > 1 ÄpqmX} µ + β > 0  %TVUZpqcucxjdh
n¢peuZ}egsgpmXcu|3jksxeyrJÈ¡{ ncV}XZ XmXZ}QnomegUXZ!cupqY[Z¡£¥p1bk 
TVUsujklXqUXjkle©euUXZ¡sxZcxe©jqegUXnc©|Fpq|3Zs
Äd£«Z¡oj>jkª-jks¥p&cujklegnjkm
f(z)
jq,7B 9t£+UXnoh~U
noc<p}ZmXcxne¤b´culXh~U egUFpwe
T (f)
noc FmXneuZq ³´Zkn¶¯kZp±}nosuZ
h
e-|suj>jqVegUFpwe&egUZsuZnc<p
lXmXno6lXZi}XZmcune¤bcxjk¯>nom7B 9Epqm}µ£¥Zikn¯qZh
ojkcxZ}µjksxYZºd|XsxZcucxnojkmc©jksEeuUXnocE}XZ
mXcun¶e¤b
pqmX}neucVY[Zpqm¯qpolXZ 
Ç¤m@euZksupegnmX 7B 9«sxjkY 5
Zsujegjnm FmXn¶e¤bkn¶¯kZc
f(0) = (µ− δ)T (f) ≥ 0 jks µ ≥ δ
7:cunmXhZ!egUZsuZZºdncxegcpcxlX°XcxZ6lXZmhZ
zk → ∞
culh~U±egUFpwe
lim
zn→∞
f(zn) = 0
cunmXhZ
f
noc
nom@egZ
ksgpq°oZ 9Þ 
TVUZcx|8Z
hn¢p,h1pqcxZ£+n¶egU
δ = µ = 0
ÄXmFpY[Z
b
df(z)
dz
= βzγ−1(ργf(ρz) − f(z)), z ≥ 0, 7   9
£+noo°3Zh1pqoZ}egUZ&|3ZsucxnocfegZm@eZ6lFpeunojkm, +Ç¨ei}XZcxhsxno°3Zc%p|8Z
sucuncxeuZm@e¡cxjklXsuh
Z&nm±hjqmd§
kZcfegnojqmp¯qjkno}XpqmXhZ©£+n¶egUXjqletcuj£©§¤cxegpqsxetpqmX}-£+UXZsxZ©egUXZVsupegZV}Z|3ZmX}XZ
mXhZynoc|Xsujk|3jksÉ§
egnojqmFpq8euj
zγ−1
 tTVUXZ|3ZsxcuncxegZ
m@eiZ
6lFpegnjkmnomXh
olX}Zc7f>9©pmX}:7Ô 9©pqc+cx|8Z
hn¢ph1pqcxZc 
Ç¤megUZmZº>ecuZhegnjkm,Ä£¥ZculY[Y[pqsun65Z&euUXZ-e¤£¥j$Y[pqnomsxZcxlXeucj«euUXnoc%|Fp|8Z
s 
}XZ
egpqnoZ} |Xsuj>jqinockn¶¯kZm nomÊegUZ$jkoj£+nom±e¤£¥j´cuZ
h
egnjkmXc
  Â nmFpqo¶bkÄt£«ZQcfeglX}bÊeuUXZ
pqcucxjdh
n¢peuZ}$rJÈ¡{V 
  
 ¹*+"L
Ze
Γ(t) =
∫∞
0
xt−1e−xdx
}XZmjqegZ{tlXoZ
s  cpqYY[p&lXmXh
eunojkm¸ tTVUXZjqooj£+nmX&egUZ§
jksuZ
Y¹culXYY[pqsun65Zc¥jklXs+suZ
culX¶egc+jkmegUXZ!|3ZsxcunocfegZ
m6e]%È¡{ 7   9¦
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γ ≥ 1 	 ρ > 1 	 β > 0 	 %$.* $ . .& &%	@ 	 %) %#
B 
f(z) = γ
(
β
γ
)1/γ
1
Γ (1/γ)
∏
k≥0
1
(1 − θ−k−1/γ)
∑
n≥0
bne
−
β
γ
θnzγ ,
7B 9
 $.&. θ = ργ 	 b0 = 1
! 
bn = (−1)n
n∏
k=1
θ
(θk − 1) .$.
bn 
!0. %$.  . &).& $% %$.@. "! &) 
∏
k≥0
(1 − θ−kx) =
∑
n≥0
bnx
n.
$.  . ! !	$.*%   .& &%	  
∫ ∞
0
zf(z)dz =
(
β
γ
)−1/γ Γ (2/γ)
∏
k≥0(1 − θ−k−2/γ)
Γ (1/γ)
∏
k≥0(1 − θ−k−1/γ)
.
7: 9
TVUZjkoj£+nom&egUXZ
jksuZ
Y culXYY[pqsun65ZcVjqlXs+suZcxlXeuc+jkm$euUXZmXjkmd§¨|8Z
sucuncxeuZm@e]!È{
7B 9Þ¦
  ¼>À  ¼   .&%
γ ≥ 1 	 ρ > 1 	 µ ≥ δ ≥ 0 	 β ≥ 0 	 µ + β > 0 !  A 
&..& &%&4%!%
∫ ∞
0
A(z)e
(µ+β)
γ
zγdz < ∞. 7 9
$.& %$.  $$. .& &%@ 	%() A%#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f(z) =
1
Cγ
∑
n≥0
(
β
µ+ β
)n
bndn(z)e
−( β+µγ )θ
nzγ 7	# 9
 %
dn(z) =
∑
m≥0
cm

δ
∫ θ (n+m)γ z
0
Am(x)dx + (µ− δ)


cm =
(
β
µ+ β
)m m∏
i=1
1
1 − θ−i
! 
Am(x) = A(x)e
µ+β
γ
θ−mxγ .
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C =
1
γ2
∏
k≥0
(
1 − β
µ+ β
θ−k−1/γ
)(∑
m≥0
cm
(
δ
∫ ∞
0
Am(x)
∫ ∞
xγ/θm
B1(u)du dx + (µ− δ)D(1)
))
 %
Bl(u) =
e−
(µ+β)
γ
u
u1−l/γ
D(l) =
(
µ+ β
γ
)−l/γ
Γ
(
l
γ
)
.
$.  . ! :
f(z)
 
∫ ∞
0
zf(z)dz =
∏
k≥0
(
1 − θ−k−2/γ β
β+µ
)
∏
k≥0
(
1 − θ−k−1/γ β
β+µ
)
∑
m≥0
cm
(
δ
∫ ∞
0
Am(x)
∫ ∞
xγ/θm
B2(u)du dx + (µ− δ)D(2)
)
∑
m≥0
cm
(
δ
∫ ∞
0
Am(x)
∫ ∞
xγ/θm
B1(u)du dx + (µ− δ)D(1)
) .
ic¡£¥Z-cxUFpqcuZ
Z¢peuZsÄ3jks¡°3jqegUeuUXZ-|3ZsucxnocfegZm@epqm}egUXZ-mXjqmd§¤|3ZsxcunocfegZ
m6e!hpqcuZÄ
egUXZ!cujqoleunojkmjqegUXZsgpeuZ§¨}XZ|3ZmX}Zm@ehpqcuZh1pmpqheglFpqbµ°8Z!°XlXneVsxjkYegUXpeyjqeuUXZ
sgpeuZ§¤nmX}XZ
|8Z
mX}XZm@e!hpqcuZ°@bpYZsuZ-h~UXpqmXkZjqEYZ1pqcxlXsuZ <Ç¨e!noc£+U@b£«Zcxegpqsxe%£+n¶egU
egUXZ!¢pweuegZ
s©h1pcuZ°8Z
oj£! 
 *  %"* 2  *V *+ *+-"`* 	
γ = 1 

Ç¤m$euUXZ!sgpeuZ§¤nmX}XZ
|8Z
mX}XZm@eyh1pcuZqÄ 7: 9¥nocVqn¯kZ
mQ°@b
df(z)
dz
= δA(z) − µf(z) + β(θf(θz) − f(z)), z ≥ 0, 7: 9
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£+UXZsxZ
θ > 1
7cunmXhZ%£«Zjdjkªjks+p-}XZ
mXcun¶e¤bkÄ
T (f) =
∫∞
0
f(z)dz = 1
9Þ 
^$lXeuno|X¶bdnmX 7: 9[°@b
exp(−sz) pqmX} nom@egZ
ksgpwegnom²sujkY 5Z
suj egj ∞ kn¯qZcegUZjkojÆ£+nmX<ZÞº|suZcxcunjkm$jqs©egUXZ pq|XopqhZ¡eusgpqmXcfjksuY
f̂(s)
¦
sf̂(s) − f(0) = δÂ(s) − µf̂(s) + β
(
f̂
(s
θ
)
− f̂(s)
)
;
egUFpe+nc
f̂(s) =
f(0) + δÂ(s)
µ+ β + s
+
β
µ+ β + s
f̂
(s
θ
)
£+UXZsxZ
Â
nocSeuUXZ pq|¢pqh
Z+eusgpqmcxjksxY jq¸euUXZy}XZmXcxne¤b
A
  ?«bn¶egZsupegnjkm-netjqooj£+cSeuUFpe
f̂(s) =
N∑
n=0
βn∏n
k=0(µ+ β + s/θ
k)
·
(
f(0) + δÂ
( s
θn
))
+
N∏
n=0
(
β
µ+ β + s/θk
)
f̂
( s
θN+1
)
.
  	
 
µ = δ = 0 !
Ç¤m$euUXZ!|8Z
sucuncxeuZm@eyh1pqcxZqÄ=oZeuegnmX
N
euZmX}$egjnom XmXne¤bqÄ£¥Z!kZe
f̂(s) =
∏
k≥0
β
β + s/θk
· f̂(0)
=
∏
k≥0
β
β + s/θk
7f1 9
£+negU
f̂(0) =
∫∞
0
f(z)dz = 1
 
³´ZsxZY[pqsuªeuUFpe
f̂
noc!egUXZpq|¢pqh
ZeusgpqmXcfjksuY jyp±culXY jqVnmX}XZ
|8Z
mX}XZm@e-qZ§
jkY[Zegsxnoh<supqmX}XjkY ¯pqsunopq°XoZ
c
Ek
£+n¶egU|FpqsupqYZ
egZ
s
βθk
   jqeuZ<egUFpe%euUXZculXY`jq«euUXZ
Y[ZpqmXc ∑
k≥0 θ
−k/β < ∞ cujegUXncµsgpmX}XjkY ¯pqsxn¢pq°XZZºdnocfegcpmX}ëUFpcp®|3jkcun¶egn¶¯kZ}XZmXcxne¤bq 
³´Z%egU6lXcyUFp1¯kZpcujklegnjkmjks 7Ô!9«£+negU
θ = 2
 JTVUXZ]!È{ënoc
df(z)
dz
= β(θf(θz) − f(z)), z ≥ 0. 7Ék>9
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TVUZcxjkoleunojkmhpqm$pqocxj°8Z%jklXm}$°@beuUXZ^QZonom[egsgpmXcxjksxY pqc+nom ;æ<B¦
f(z) = ψβ
∑
n≥0
bne
−(βθn)z 7f 9
£+negU
ψ =
(
∏
k≥1
(1 − θ−k)
)−1
.
³´Z!h1pqm$h~UXZ
h~ªeuUXnocVnm@¯kZsxcunjkm°6bhpqoh
lX¢pwegnom&egUXZ pq|XopqhZ¡eusgpqmcxjksxYjq'7fÆ!9¦
ψβ
∑
n≥0
bn
∫ ∞
0
e−uze−(βθ
n)zdz = ψβ
∑
n≥0
bn
u+ βθn
.
TVUXZ<suZ
cun}XlXZ<jqteuUXZ<|3jkoZ −βθn nc ψβbn  %TVUXZ<sxZcun}XlXZ<j f̂ kn¯qZm °@b/7f 9ypeeuUXZ|8jkZ −βθn noc
βθn
n−1∏
k=0
(
βθk
βθk − βθn
) ∏
k≥n+1
(
βθk
βθk − βθn
)
= βθn
n−1∏
k=0
(
1
1 − θn−k
) ∏
k≥n+1
(
θk−n
θk−n − 1
)
= β
n∏
k=1
(
θ
1 − θk
)∏
k≥1
(
θk
θk − 1
)
= β · bn · ψ.
TVU>lcy£«Z!cuZZ!egUZ pq|¢pqh
Z¡egsgpmXcxjksxY¹jq
f
nocVnmX}XZZ
}/7É 9Þ 
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µ > δ ≥ 0 !
ZeueunomX
N → ∞ £«ZqZ
e
f̂(s) =
∑
n≥0
βn∏n
k=0(µ+ β + s/θ
k)
(
f(0) + δÂ
( s
θn
)) 7f 9
=
∑
n≥0
(
1 − δ
µ
+
δ
µ
Â
( s
θn
))(
1 − β
µ+ β
)(
β
µ+ β
)n n∏
k=0
µ+ β
µ+ β + s/θk
.
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Ç¤m 7B 9-£¥ZQh1pqm }Z FmXZ±nomX}XZ
|8Z
mX}XZ
m6esgpqmX}jkY ¯qpsun¢p°XoZ
c
V
Ä
Ek, k = 0, 1, . . .
Ä
N
pqmX}
X
£+UXZ
suZ
V
UFpqc-}ZmXcxne¤b
A
ÄtegUXZ
Ek
 cpqsuZZÞºd|8jkmZm@egnopq«£+n¶egUÊ|FpqsupqYZ
egZ
s
(µ + β)θk
Ä
N
nocykZjkYZ
eusunh£+n¶egU
P (N = n) =
(
1 − β
µ+β
)(
β
µ+β
)n pqmX}
X
e~pqªZc
egUXZ¯pqlXZc
0
jks
1
£+negU|sujk°Fp°XnonegnZc
(1− δ/µ) pqmX} δ/µ  ?«bµnmXcu|3Zhegnjkm,Ä f̂ noc«euUXZLp|X¢pqh
Z¡egsupqmXcxjqsuY
E exp(−sW ) jqLegUXZ!sgpmX}XjkY¯pqsxn¢pq°oZ
W = (1 −X)
N∑
n=0
En + X
(
V
θN
+
N∑
n=0
En
)
.
³®ZUFp1¯kZegUXZ
suZ
jqsuZZcxegpq°XnocuUZ}egUXZZºdnocfegZmhZ<pmX}QlmXno6lXZ
mXZcxc¡jqtp}XZ
mXcun¶e¤bQcxjkol>§
egnojqmegj 7B 9Þ 
³´Zh1pqm$h1pqhlXopegZ¡euUXZnom@¯kZ
sucuZjqegUXZ pq|XopqhZ%egsupqmXcfjksuY¹qn¯kZ
m±pwe7É 9Þ  Â nsucfe
suZY[pqsxª[egUXpeVegUXZ!}XZ
mXcun¶e¤bkn¯>nmX<egUXZ%eusgpqmXcfjksuY
n∏
k=0
µ+ β
µ+ β + s/θk
h1pqm$°8Z¡£+sxnexegZmQpqc
gn(z) =
n∑
k=0
dk,n exp(−(µ+ β)θkz)
£+UXZsxZ
dk,n = (µ+ β) bk
n−k∏
i=1
1
1 − θ−i
£+n¶egU 0∏
i=1
1
1 − θ−i = 1.
TVUXnocVUXjqo}Xc+°3Zh1plXcuZ!egUXZ¡eusgpqmcxjksxY¹jq n∑
k=0
dk,n exp(−(µ + β)θkz)
nc
n∑
k=0
dk,n
(
1
(µ+ β)θk + s
)
çèLéçâ
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£+UXZsxZ
dk,n
pqsuZ¡jklmX}Q°@blcunom
dk,n = (µ+ β)θ
k
k−1∏
i=0
(
(µ+ β)θi
(µ+ β)θi − (µ+ β)θk
) n∏
i=k+1
(
(µ+ β)θi
(µ+ β)θi − (µ+ β)θk
)
= (µ+ β)θk
k−1∏
i=0
(
1
1 − θk−i
) n∏
i=k+1
(
θi−k
θi−k − 1
)
= (µ+ β)
k∏
i=1
(
θ
1 − θi
) n−k∏
i=1
(
θi
θi − 1
)
.
Ze ℵ(·) }XZ
mXjqegZ+egUZiYZ1pqcxlXsuZ
(
1 − δ
µ
)
δ0(dx)+
δ
µ
A(x)dx
 STVUXZy}XZmXcxne¤bjq3egUXZ
¯qpsun¢p°XoZ
W
pe
y
ÄXhjqmX}XneunojkmZ}jkm
N = n
ÄFnocVkn¶¯kZm$°@b
∫ θny
0
gn
(
y − x
θn
)
ℵ(dx) =
∫ θny
0
n∑
k=0
dk,ne
−(µ+β)θk(y− x
θn
)ℵ(dx)
=
n∑
k=0
dk,ne
−(µ+β)θky
∫ θny
0
e(µ+β)x/θ
n−kℵ(dx).
 jqegZ%euUFpeVegUZp°8j¯kZ!nm6euZksupq,ZÞºncxeuci°@beuUXZpqcucxlXY[|degnojqm 7 9ÄnÔ  Zq ¶Ä
∫∞
0
e(µ+β)zA(z)dz < ∞    j£)culXYY[nmXj¯kZ
s n £«Z-UFp1¯kZ-egUXZ-}ZmXcxne¤b±jqs Wpe
y
¦
∑
n≥0
(
1 − β
µ+ β
)(
β
µ+ β
)n n∑
k=0
dk,ne
−(µ+β)θky
∫ θny
0
e(µ+β)x/θ
n−kℵ(dx)
=
∑
k≥0
(µ+ β)bk
(
1 − β
µ+ β
)(
β
µ+ β
)k
e−(µ+β)θ
ky
·
∑
n≥k
(
β
µ+ β
)n−k(n−k∏
i=1
1
1 − θ−i
)∫ θny
0
e(µ+β)x/θ
n−kℵ(dx)
=
∑
k≥0
(µ+ β)bk
(
1 − β
µ+ β
)(
β
µ+ β
)k
e−(µ+β)θ
ky
·
∑
m≥0
(
β
µ+ β
)m( m∏
i=1
1
1 − θ−i
)∫ θk+my
0
e(µ+β)x/θ
mℵ(dx).
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γ > 1 
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µ = δ = 0 !
ÈZ FmZ
h
egj°8Z!p}XZmcune¤bcujklegnjkmjq'7fk>9«£+n¶egU
β
sxZ|XopqhZ
}Q°@b
β/γ
cuj
h(z) = ψ
β
γ
∑
n≥0
bne
−(βγ θ
n)z.
7f   9
 Zº>eÄXjks+pqo¸|8jkcxneun¯kZ%h
jkmXcfe~pqm@egc
C
Ä
f(z) = C−1h(zγ)
cgpeunoc FZc
df(z)
dz
= C−1
dh(zγ)
dz
= C−1γzγ−1
β
γ
(θh(θzγ) − h(zγ))
= C−1βzγ−1 (ργh((ρz)γ) − h(zγ)) £+UZsuZ ργ = θ
= βzγ−1 (ργf(ρz) − f(z)) .
adjnLjkmXZ%e~pªqZc
C
cxlXh~UQeuUFpe ∫∞
0
f(z)dz = 1
ÄeuUXZm
f
noc©p}ZmXcxne¤b£+UXnh~UQcupegnc FZ
c
7   9Þ 
³´Z<hpqmlXmX}Zsucfe~pqm}euUXnocyegsupqmXcxjqsuY[pegnjkm±pc%pµh~UFpqmkZ<jqJYZ1pqcxlXsuZ  Z
e
I
°3Z
psgpqmX}jkY ¯pqsxn¢pq°oZ£+negUÊ}nocxeusun°Xlegnjkm
h
kn¯qZmÊ°@b 7É   9Þ ³´ZmXjegZegUXpe<jks&pqm@b
°8jklmX}XZ}lXmXhegnjkm
φ
Ä
1
C
E
[
φ(I1/γ)
γI1−1/γ
]
=
1
C
∫ ∞
0
φ(z1/γ)
1
γz1−1/γ
h(z)dz
=
1
C
∫ ∞
0
φ(w)h(wγ)dw
=
∫ ∞
0
φ(w)f(w)dw
= E[φ(J)],
£+UXZsxZ
J
nc+psupqmX}XjkY ¯pqsunopq°XoZi£+negU$p-}XZ
mXcun¶e¤bkn¯qZm°@b
f(z)
 
çèLéçâ
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³´Z!h1pqm$lXcxZ!euUXnoc+h~UFpmXkZ!jqY[ZpqculXsxZ%egjhjkY|XleuZ%egUXZ%mXjqsuY[pqon65nom&hjqmXcxegpqm@e1¦
C = E
[
1
γI1−1/γ
]
=
1
γ
∫ ∞
0
1
z1−1/γ
h(z)dz
=
ψβ
γ2
∑
n≥0
bn
∫ ∞
0
1
z1−1/γ
exp
(
−β
γ
θnz
)
dz
=
ψ
γ
∑
n≥0
bn
1
θn
(
γ
βθn
)1/γ−1 ∫ ∞
0
v1/γ−1 exp(−v)dv
=
ψ
γ
(
γ
β
)1/γ−1
Γ
(
1
γ
)∑
n≥0
bn
(
1
θ1/γ
)n
=
ψ
γ
(
β
γ
)1−1/γ
Γ
(
1
γ
)∏
k≥0
(1 − θ−k−1/γ).
ÅiZmhZ 7Ô 9SnocEp!}XZmcune¤bcxjkoleunojkm<euj 7   9 ?«bpcxnoYnoopqsSpqsxklXYZm@e1Ä@egpqª6nomX
φ(I) = I
Ä
£¥Z!kZeyeuUFpeVeuUXZ!Y[Zpqm¯qpolXZ%jq
f
noc
∫ ∞
0
zf(z)dz =
E[I2/γ−1]
Cγ
=
1
Cγ
∫ ∞
0
z2/γ−1h(z)dz
=
ψβ
Cγ2
∑
n≥0
bn
∫ ∞
0
z2/γ−1 exp(−β
γ
θnz)dz
=
ψ
Cγ
∑
n≥0
bn
1
θn
(
γ
βθn
)2/γ−1 ∫ ∞
0
v2/γ−1 exp(−v)dv
=
ψ
Cγ
(
γ
β
)2/γ−1
Γ
(
2
γ
)∑
n≥0
bn
(
1
θ2/γ
)n
=
ψ
Cγ
(
β
γ
)1−2/γ
Γ
(
2
γ
)∏
k≥0
(1 − θ−k−2/γ).
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TVUXnocV|Xsxj¯kZc7B 9Þ 
³´Z!|Xsuj¯qZmXj£­egUFpeVeuUXZ!lXmXn>lZ}ZmXcxne¤bcujqoleunojkmjq'7   9¥noc 7Ô!9 
a>lX|X|3jkcuZ¡euUXZsxZ%noc©p<}ZmXcxne¤bcxjkoldegnojqm
f
jq,7   9 JÈZ FmXZ
h
¯>n¢p
f(z) = C−1h(zγ)egjV°3ZJp©cujklegnjkm%jq 7fk 9 adnomhZ
f
ncnom@egZ
ksgpq°oZeuUXnoc¸Y[ZpqmXc ∞ > C−1 ∫∞
0
h(zγ)dz =
C−1
γ
∫∞
0
s
1
γ
−1h(s)ds = C
−1
γ
H
(
1
γ
)
,
£+UZsuZ
H(u) =
∫∞
0
xu−1h(s)ds
ncyeuUXZ^QZ
onom
egsgpmXcxjksxY jq
h
  ^$lXeuno|X¶bdnmX°8jqeuUëcxno}XZ
cµjq87Ék>9-°6b
zu
pqm} nom@egZ
ksgpwegnom£+n¶egU
suZcx|8Z
h
eyegj
z
jkmegUXZ!|3jkcun¶egn¯qZ%UFpq¶nomXZ£«Z!kZ
e
uH(u) = βH(u+ 1)(1 − θ−u).
adnomXh
Z
H(1/γ) < ∞ £«ZcuZ
Z H(u) < ∞ jksµpqo u °@b neuZsupegnjkm, TVUXnocYZ1pmXc∫∞
0
h(z)dz = H(1) < ∞ cuj h h1pqm °3ZmXjksxYµpqn 5
Z}®eujp}ZmXcxne¤bk ®Åij£«Z
¯kZ
s£«ZUFp1¯kZ-cuUjÆ£+meuUFpe¡euUXZsxZ<nocijkmX¶bQjqmXZ<}XZ
mXcun¶e¤b±cupegncx b>nomXA7fk>9+cuj
h
nocinom±:ph
e 7Ék>9Þ 
³®Zyhjkmhol}XZieuUFpeEegUXZ
suZncJjkmXbjqmXZi}ZmXcxne¤bcujklegnjkmegj7   9t°8Z
h1pqlXcxZie¤£«j<}XZ
mXcun¶e¤b
cujklegnjkmXc!nomegUXZ[sgpeuZ§¤}Z|3ZmX}XZ
m@e-h1pqcxZ[£«jklX}²kn¯qZe¤£«j }XZ
mXcun¶e¤b´cxjkoldegnojqmXcnmeuUXZ
sgpeuZ§¤nmX}XZ
|8Z
mX}XZm@eh1pcuZlXcunmXegUXZegsupqmXcxjqsuY[pegnjkm, &³´ZUFp1¯kZ¡vxlXcxe|Xsuj¯qZ}´euUXnoc%nc
noY|8jkcxcun°XoZpqmX}egUXncV|Xsuj¯qZcylXmXno6lXZ
mXZcxc¡pqm}$h
jkY|XoZegZc©euUXZ!|Xsuj>jqLjqTVUXZjqsuZY q 
    	   
   
µ > δ ≥ 0 !
Ze
A
°8ZcujqY[Z}XZmcune¤bq TVUXZm A(z1/γ)
γz1−1/γ
nc&p$}XZmXcxne¤begj>jX  Z
e
h
°8ZegUZµ}XZ
mXcun¶e¤b
cujklegnjkmjq
dh
dz
(z) =
1
γ
((
A(z1/γ)
γz1−1/γ
)
− µh(z) + β(θh(θz) − h(z))
)
.
7f 9
³®ZpqcxculXYZ
h(0) = µ− δ ≥ 0  Ze
f(z) = C−1h(zγ)
Äk£+UXZ
suZ
C
mXjksxYµpqn 5
Zc
f
egj!p¡}XZ
mXcun¶e¤bkÄ6pqmX}
ργ = θ
 STVUXZm
£¥Z!UFp1¯kZ
df(z)
dz
= C−1δγ−1A(z) − µzγ−1f(z) + βzγ−1 (ργf(ρz) − f(z))
= δT (f)A(z) − µzγ−1f(z) + βzγ−1 (ργf(ρz) − f(z)) ,
£+UXZsxZ£«Z!lXcuZ
}QegUZ!:ph
eVegUXpe
T (f) =
∫ ∞
0
zγ−1C−1h(zγ)dz =
1
Cγ
.
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TVUZm²£+UXZ
m²}XZmjqegnmX
h(z)
egUZµlXmXn6lXZµcxjkoleunojkmjq 7ÉÆ 9¡£+UXnoh~U®nocpQ}XZ
mXcun¶e¤bkÄ
£¥ZcuZZegUFpwe
f(z)
nocyp[|3jkcxnegn¶¯kZ!cujqoleunojkm$jq 7: 9 ©ÅiZmhZ<n¶
f(z)
noc+nom@euZksupq°XoZÄFneynoc
p}ZmXcxne¤bjksVcxjkY[Z%mjksuY[pqon65nmX&h
jkmXcxegpqm@e
C
 
³´Z¡hpqmlXcuZiegUXZ¡cupqYZh~UFpqmkZ%jqYZ1pqcxlXsuZpqc©nom[egUXZ¡|3ZsxcuncxegZ
m@eVh1pqcxZq Z
e
I
°3Z
egUXZ!sgpmX}XjkY ¯qpsun¢p°XoZ£+n¶egU}Xncxegsxno°Xldegnojqm
h
}XZ FmXZ}±pq°3jÆ¯qZq J³®Z!UFp1¯qZ
C = E
[
1
γI1−1/γ
]
=
1
γ
∫ ∞
0
y1/γ−1h(y)dy
=
µ
γ2
∑
k≥0
bk
(
β
µ+ β
)k
·
∑
m≥0
cm
∫ ∞
0
y1/γ−1e−
µ+β
γ
θky
∫ θk+my
0
e
(µ+β)x
γθm ℵ(dx) dy,
£+negU
ℵ(dx) = δ
µ
(
A(x1/γ)
γx1−1/γ
)
dx+
(
1 − δ
µ
)
δ0(dx).
TjcunY[|on bqÄ
∫ ∞
0
y1/γ−1e−
µ+β
γ
θky
∫ θk+my
0
e
(µ+β)x
γθm ℵ(dx) dy
=
∫ ∞
0
e
(µ+β)x
γθm ℵ(dx)
∫ ∞
x/θ(k+m)
y1/γ−1e−
µ+β
γ
θkydy
=
1
θk/γ
δ
µ
∫ ∞
0
e
(µ+β)x
γθm
(
A(x1/γ)
γx1−1/γ
)∫ ∞
x/θm
B1(u)du dx
+
1
θk/γ
(
1 − δ
µ
)(
µ+ β
γ
)−1/γ
Γ
(
1
γ
)
=
1
θk/γ
δ
µ
∫ ∞
0
e
(µ+β)xγ
γθm A(x)
∫ ∞
xγ/θm
B1(u)du dx
+
1
θk/γ
(
1 − δ
µ
)(
µ+ β
γ
)−1/γ
Γ
(
1
γ
)
.
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adlX°XcfegneulegnmXXÄ>£¥ZkZ
e
C = G1
µ
γ2
∑
k≥0
bk
(
β
µ+ β
)k
1
θk/γ
= G1
µ
γ2
∏
m≥0
(
1 − β
µ+ β
θ−m−1/γ
)
£+negU
G1 =
∑
m≥0
cm
(
δ
µ
∫ ∞
0
Am(x)
∫ ∞
xγ/θm
B1(u)du dx
+
(
1 − δ
µ
)(
µ+ β
γ
)−1/γ
Γ
(
1
γ
))
.
TVUXZt¢pqcfecuZ
sunZcnoc,h
jkm@¯kZ
sukZ
m6e°3Zh1plXcuZJjq6egUZJpqcucxlXY[|degnojqmB7 9ÞÄwnB æZ Ä ∫∞
0
e
(µ+β)
γ
zγA(z)dz <
∞ pqm}$euUXZ%:pqh
eVeuUFpe
∫ ∞
x/θm
1
u1−1/γ
e−
(µ+β)
γ
udu ≤
(
γ
β + γ
)1/γ
Γ
(
1
γ
)
.
TVUZYZ1pqm¯pqlXZ%jq
f
nc
∫ ∞
0
zf(z)dz
=
E[I2/γ−1]
Cγ
=
1
Cγ
∫ ∞
0
y2/γ−1h(y)dy
=
µ
Cγ2
∑
k≥0
bk
(
β
µ+ β
)k(∑
m≥0
cm
∫ ∞
0
y2/γ−1e−
µ+β
γ
θky ·
∫ θk+my
0
e
(µ+β)x
γθm ℵ(dx)dy
)
.
³®Z!UFp1¯kZ
∫ ∞
0
y2/γ−1e−
µ+β
γ
θky
∫ θk+my
0
e
(µ+β)x
γθm ℵ(dx)dy
=
1
θ2k/γ
∫ ∞
0
e
(µ+β)x
γθm ℵ(dx)
∫ ∞
x/θm
u2/γ−1e−
µ+β
γ
udu.
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adlX°XcfegneulegnmX<£«ZkZe
∫ ∞
0
zf(z)dz = G2
µ
Cγ2
∑
k≥0
bk
(
β
µ+ β
)k
1
θ2k/γ
= G2
µ
Cγ2
∏
m≥0
(
1 − β
µ+ β
θ−m−2/γ
)
£+negU
G2 =
∑
m≥0
cm
(
δ
µ
∫ ∞
0
Am(x)
∫ ∞
xγ/θm
u2/γ−1e−
µ+β
γ
udu dx
+
(
1 − δ
µ
)(
µ+ β
γ
)−2/γ
Γ
(
2
γ
))
.
TVUXZ<pqsxklXYZm@egcicuUXj£+nmXµegUXpeieuUXZ&opqcxeicuZ
sunZcncih
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H(1/γ)
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H
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f(0) = T (f)(µ− δ)   $.& %  - z = 0  
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f(0) = T (f)(µ− δ)
(
∑
m≥0
cm
)(
∑
k≥0
(
β
β + µ
)k
bk
)
.
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0 ≤ x < 1 	
(
∑
m≥0
xm
m∏
i=1
1
1 − θ−i
)(
∑
k≥0
xk
k∏
p=1
θ
1 − θp
)
= 1.
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α
∂
∂t
f(t, z) +
∂
∂z
f(t, z) = β(θf(t, θz) − f(t, z)), z, t ≥ 0, 7f 9
£+UXZsxZ£«Z!culX|X|3jkcxZeuUFpe
f(0, z)
ncVnom@egZ
ksgp°XoZ tÈZ XmXnomX
f̂(u, s) =
∫ ∞
0
∫ ∞
0
e−ut−szf(t, z)dtdz
£¥Z!kZeyeuUFpe
(β + αu+ s)f̂(u, s) = βf̂
(
u,
s
θ
)
+ αf̂0(s) + f̂1(u)
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f̂0(s) =
∫ ∞
0
e−szf(0, z)dz
pqmX}
f̂1(u) =
∫ ∞
0
e−utf(t, 0)dt.
z+Zhpqo8£¥ZpqsxZ%cuZZ
ª6nomX[p-cujklegnjkmculXh~U$egUFpwe
f(t, z)
nocVp-}XZ
mXcun¶e¤bnom
z
jksVZ1ph~U
t
 JÅiZmhZ
f̂(u, 0) = 1/u
pqm}
f̂0(0) = 1
 EadlX°XcfegneulegZ
s = 0
nom@egj 7É  9¥cuj
(β + αu)/u = β/u+ α+ f̂1(u)
pqmX}neVjkoj£+c¥euUFpe
f̂1(u) = 0
 
ÅyZmXh
Z
f̂(u, s) =
∞∑
k=−1
(
k∏
l=0
β
β + αu+ s
θl
)(
α
β + αu+ s
θk+1
)
f̂0
( s
θk+1
)
.
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(
k∏
l=0
β/α
β/α+ u+ s
αθl
)(
β/α
β/α+ u+ s
αθk+1
)
· f̂0
( s
θk+1
)
noc©egUZ©vxjqnom@e pq|XopqhZ¡eusgpqmXcfjksuY
E(e−uY −sW )
£+n¶egU
W = W (0)/θk+1 +
1
α
(
k+1∑
l=0
El
θl
)
pmX}
Y =
k+1∑
l=0
El,
£+UXZsxZ
El
pqsuZnB ænB æ}¸  Zºd|8jqmXZm@egnopq¡supqmX}XjkY ¯pqsunopq°XZc[£+n¶egU|FpsgpqYZ
euZs
β/α
pqmX}
W (0)
nc+pqmnomX}XZ
|8Z
mX}XZ
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f(0, z)
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